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Abstract
In this article we look at pair covering designs with a block size of 5 and v ≡ 0 (mod 4). The number of blocks in a minimum
covering design is known as the covering number C(v, 5, 2). For v24, these values are known, and all but v = 8 exceed the
Schönheim bound, L(v, 5, 2)= v/5(v − 1)/4. However, for all v28 with v ≡ 0 (mod 4), it seems probable that C(v, 5, 2)=
L(v, 5, 2). We establish this for all but 17 possible exceptional values lying in the range 40v280.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A 2-(v, k, 1) covering design is a set of blocks of size k such that every pair of v points occurs in at least one block.
For any v and k, C(v, k, 2) is the minimum number of blocks possible in a 2-(v, k, 1) covering design. It is known
that the number of blocks in a 2-(v, k, 1) covering design is bounded below by the Schönheim bound, L(v, k, 2) (see
Theorem 1).
In this paper we will determine C(v, 5, 2) when v ≡ 0 (mod 4) with at most 17 exceptions, the largest of which is
v = 280.
The values of C(v, 5, 2) are known completely when v ≡ 2 (mod 4) [14] and when v ≡ 3 (mod 4) [20,22], and
known with a few possible exceptions [14,23] (improved in [2,5,6]) when v ≡ 1 (mod 4). However, in the case of
v ≡ 0 (mod 4) there were not many known values. The values were known for v24, see e.g., [21, pp. 378–379], for
v = 36 [25, pp. 213–214] and v = 80 [17]. The values for 12v24 exceed the Schönheim bound (by 1, 2, 1 and 1)
and are not really very useful to us as it is probable that all remaining values meet the Schönheim bound. Although not
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Table 1
Values of v ≡ 0 (mod 4) for which no SBCD(v) is known
(4) (12) (16) (20) (24) 40 44 48 52 96 100
104 124 136 140 144 176 180 184 220 260 280
many useful covering designs were known, Lamken et al. [15] had almost solved the existence problem for 2-(v, 4, 1)
resolvable covering designs in a study which has a lot of utility for the construction of 2-(v, 5, 1) covering designs. An
improved version of Lamken et al.’s result is given in Theorem 10.
In Section 2 we give our main recursive constructions together with the necessary 5-GDDs, as noted above. In order
to ensure that the components ﬁt together properly, it is advisable to look more closely at the properties of a covering
design meeting the Schönheim bound, and this is done in Section 2. As in other studies [26,37] one of the key steps we
make is deﬁning an incomplete Schönheim bound covering design for the parameters we are considering.
The other major component we need is some small covering designs, which are constructed directly in Section 3.
In Sections 4–8 we apply our recursive constructions to produce the desired coverings. We actually have two methods
of dealing with the larger values of v: see for instance the application of Lemma 17 detailed in Table 2 and Lemma 49
for the case v ≡ 4 (mod 20). The former is more powerful, dealing with consecutive (mod 60) values of v, but suffers
from the disadvantage that the range is limited from above, and so the construction would need to be recursively reset.
The latter deals only with consecutive (mod 100) values of v, and, although not limited from above, does require that
we construct all v ≡ 0 (mod 20) for vv0 for some v0 (we use v0 = 300). These constructions are given in Section
4. Some of our recursive constructions were given by Lamken [13]. Hypothesizing a result like our Theorem 43, she
gave a construction similar to, but slightly weaker than, the lemmas we particularize to Lemmas 42, 49, 53, 57 and 61,
and thereby established a means of obtaining an asymptotic bound, provided one had sufﬁcient small designs in the
0 (mod 20) class, and at least one cover in each (mod 100) class.
Our main aim is to establish that a Schönheim bound covering design, an SBCD(v), exists for all v ≡ 0 (mod 4)
with the possible exception of the values given in Table 1, which is the synthesis of Theorems 43, 50, 54, 58 and 62.
Parenthesized values in Table 1 are the known deﬁnite exceptions.
2. Methods
In order to establish a value of C(v, 5, 2), we need to construct a design with C(v, 5, 2) blocks and also show no
design with fewer blocks can exist. Apart from a few known small values of v, this latter result will follow from the
Schönheim bound [29] given in Theorem 1.
Theorem 1. Let L(v, k, 2) = v/k(v − 1)/(k − 1). Then C(v, k, 2)L(v, k, 2).
Proof. Let r =(v−1)/(k−1). In order to appear with v−1 other points, each point must appear in at least r blocks,
and so there must be at least vr incidences overall, hence at least vr/k blocks. 
Although the proof is elementary, there are some consequences we can draw from it. For k = 5, if a design with
v ≡ 0 (mod 4) is to meet the Schönheim bound, then nearly all points will appear in r blocks each, as there will only be
5L(v, 5, 2)− vr extra incidences, i.e., 0, 1, 4, 4 or 1 as v ≡ 0, 4, 8, 12 or 16 (mod 20). This means that nearly all points
meet just one point twice. If every point met exactly one point twice, this would cause exactly v/2 excess pairs. Now
the number of excess pairs is 10L(v, 5, 2) − ( v2
)
, which exceeds v/2 by 0, 2, 8, 8 or 2 extra pairs as v ≡ 0, 4, 8, 12 or
16 (mod 20). Suppose we deﬁne the excess multi-graph of the covering such that the number of edges joining x and y
is one less than the number of blocks containing both x and y. Then we have just shown that the excess multi-graph of a
covering design meeting the Schönheim bound consists mostly of a 1-factor, possibly with some variability in a small
portion of the graph. This suggests that the natural deﬁnition of an incomplete maximum covering design corresponds
to that given by removing the variable portion of the excess graph. This strategy is very similar to that adopted by
Yin and Assaf [37] and Mullin and Yin [26] in their studies of 2-(v, 5, 1) packing designs with v ≡ 3 (mod 4)—the
objective is to get a construction like our Lemma 12 to work.
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Deﬁnition 2. An SBCD(v), or Schönheim bound covering design, is a 2-(v, 5, 1) covering design that contains
L(v, 5, 2) blocks.
Deﬁnition 3. Let W ⊂ V. An incomplete Schönheim bound covering design missing an SBCD(|W|), i.e., an
ISBCD(|V|, |W|), is a set of L(|V|, 5, 2) − L(|W|, 5, 2) blocks such that no pair ofW points occurs in any block
and every other pair of points occurs in at least one block, and the excess pairs graph is a 1-factor ofV\W.
Remark 4. A consequence of this deﬁnition is that if an ISBCD(v,w) exists and v ≡ w ≡ 0 (mod 4), then it is
necessary that either v − w ≡ 0 (mod 20) or v + w ≡ 0 (mod 20). In particular, an ISBCD(v, 0) is identical to an
SBCD(v) if and only if v ≡ 0 (mod 20).
Computing howmany blocks contain a point ofW shows that v4w is a necessary conditionwith equality occurring
if and only if every block of the ISBCD(v,w) contains a point ofW.
Another immediate consequence of this deﬁnition is the following completion lemma.
Lemma 5. If v >w and an ISBCD(v,w) exists and either an SBCD(w) exists or w ∈ {0, 4}, then an SBCD(v) exists.
Proof. This is obvious except for w = 4. In this case there is no SBCD(4), since we need a block of size 5, but only
have four points. However, L(4, 5, 2) = 1 and, if v >w, then we can augment the ISBCD with a block containing the
w = 4 points together with an arbitrary point of the remaining v − w points to get the required SBCD. 
We also have occasion to use Wilson’s Fundamental Construction [36], or WFC, given in Theorem 6.
Theorem 6. Supposewe have a “master” (K1, 1)-GDDwith g groups and a group type vector of {|Gj | : j=1, . . . , g},
and a weighting that assigns a positive weight of w(x) to each point x. Let W(Bi) be the weight vector of the elements
of the ith block. If, for every block Bi , we have an “ingredient” (K2, 2)-GDD with a group size vector of W(Bi), then
there exists a (K2, 12)-GDD with a group size vector of {∑x∈Gj w(x) : j = 1, . . . , g}.
Deﬁnition 7 is based on an analogy with ♦-IPBDs, which were ﬁrst deﬁned by Stinson [34].
Deﬁnition 7. A ♦-ISBCD(|V|, |X|, |W|, |X ∩W|), or ♦-Incomplete Schönheim bound covering design, is a 2-
(v, 5, 1) incomplete covering design deﬁned on the pointsV, where X andW are subsets ofV (and known as the
holes). If two points are in the same hole, they do not appear together in any block; a point in a hole appears in exactly
one block with every point outside that hole; and a pair of points that do not lie in either hole appear together in at least
one block. The excess pairs graph onV consists of a 1-factor ofV\(X ∪W).
Lemma 9 combined with Lemma 8 gives the analogy of [28, Construction 3.3].
Lemma 8. Suppose there exists both a ♦-ISBCD(v, h, b, a) and a ISBCD(b, a). Then there exists a ISBCD(v, h).
Lemma 9. Let ba0. Suppose a 5-IGDD with a group vector (gi, hi) for i = 1, 2, . . . , n exists, and suppose a
♦-ISBCD(gi + b, hi + a, b, a) exists for each i2. Then there exists a ♦-ISBCD(G + b,H + a, g1 + b, h1 + a),
where G =∑i1gi , H =
∑
i1hi .
Theorem 10. An RC(v, 4) or a minimum 2-(v, 4, 1) covering design that is resolvable (i.e., its blocks partition
into parallel classes) exists for all v ≡ 0 (mod 4) with the exception of v = 12 and the possible exceptions of v ∈
{108, 116, 132, 156, 204, 212}.
Proof. All but four designs were constructed by Lamken et al. [15]. For v=104, we can ﬁll in the groups of a 4-RGDD
of type 813 with RC(8, 4)s; this RGDD exists by Theorem 14. For v = 164, Ge et al. [9] construct a 4-frame of type
246121. Using [15, Corollary 4.4] with a=8, we can adjoin eight inﬁnite points to this 4-frame, and form an RC(32, 4)
missing an RC(8, 4) subdesign (which exists by [15, Lemma 5.1]) on each of six groups plus the inﬁnite points. Finally,
construct an RC(20, 4) on the last group plus the inﬁnite points for our RC(164, 4). For v = 228 and 276, we ﬁrst note
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that we have 5-GDDs of types 125161 and 126201, formed by completing 4-RGDDs of types 125 and 126 given in
Theorem 14. Inﬂating these with a 4-frame of type 35, we get 4-frames of types 365481 and 366601. Since we have
RC(v, 4)s for v = 36, 48 and 60, application of [15, Theorem 4.2] gives the required RC(v, 4)s. 
For our purposes, the useful designs come from the following corollary.
Corollary 11. An ISBCD(16t, 4t) exists if t /∈ {1, 9, 11, 13, 17}.
Proof. This follows by adding 4t new points to the parallel classes of the minimum 2-(12t, 4, 1) resolvable covering
design given by Theorem 10. Note that the excess graph for the minimum 2-(12t, 4, 1) resolvable covering design
given by Theorem 10 is a 1-factor on the 12t points. 
A more general construction than Lemma 5 is the following ﬁlling in the groups construction (cf. [26, Construction
3.4]).
Lemma 12. Suppose that a 5-GDD of type g1, g2, . . . , gn on v points exists, and an ISBCD(gi +w,w) exists for each
i2. Then an ISBCD(v + w, g1 + w) exists. If, further, an SBCD(g1 + w) exists, then an SBCD(v + w) exists too.
Proof. To the block set of the GDD, we adjoin the block sets of the ISBCDs, each formed on the gi points of the
ith group plus the w new points, for i = 2, 3, . . . , n. This yields the required ISBCD. The SBCD then follows by
Lemma 5. 
This result is useful when combined with Theorem 13.
Theorem 13 (Abel et al. [2], Bennett et al. [6], Ge and Lin [11], Rees [27], Wang and Shen [35]). A 5-GDD of type
g5m1 exists if m4g/3, g ≡ 0 (mod 4) and m ≡ 0 (mod 4), with the possible exceptions of (g,m) = (12, 4) and
(12, 8).
Theorem 14 (Ge [7], Ge and Lam [8], Ge et al. [9], Ge and Ling [10,12], Shen and Shen [30]). The necessary
conditions for the existence of a 4-RGDD of type mn are mn ≡ 0 (mod 4), m(n − 1) ≡ 0 (mod 3) and n4. These
conditions are sufﬁcient with the deﬁnite exception of types 24, 210, 34 and 64, and with the following possible
exceptions:
(1) for m ≡ 1 (mod 2): m = 9 and n = 44;
(2) for m ≡ 2, 10 (mod 12): m = 2 and n ∈ {34, 46, 52, 70, 82, 94, 100, 118, 130, 142, 178,
184, 202, 214, 238, 250, 334, 346};
m = 10 and n ∈ {4, 34, 52, 94};
m ∈ [14, 454] ∪ {478, 502, 514, 526, 614, 626, 686} and n ∈ {10, 70, 82};
(3) for m ≡ 6 (mod 12) : m = 6 and n ∈ {6, 54, 68};
m = 18 and n ∈ {18, 38, 62};
(4) for m ≡ 0 (mod 4) : m = 12 and n = 27;
m = 24 and n = 23;
m = 36 and n ∈ {11, 14, 15, 18, 23}.
More 5-GDDs were given in [38].
Theorem 15 (Yin et al. [38]). A 5-GDD of type gu exists if u5 and either:
(1) g ≡ 0 (mod 20); or
(2) g ≡ 0 (mod 4) and u ≡ 0, 1 (mod 5).
Also 5-GDDs of types 12741 [38, Lemma 4.10] and 12881 [6] exist.
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Theorem 16 (Abel et al. [2], Abel and Ling [3], Bennett et al. [6], Mullin and Gronau [24, Table III.1.38]). A 5-GDD
of type 4nk1 exists if:
(1) k = 8, n7 with n ≡ 0, 2 (mod 5) and n 
= 10; or
(2) k = 12, n10 with n ≡ 0 (mod 5); or
(3) k = 16, n13 with n ≡ 0, 3 (mod 5) and n 
= 15; or
(4) k = 20, n16 with n ≡ 0, 1 (mod 5); or
(5) k = 24, n19 with n ≡ 0, 4 (mod 5); or
(6) k = 28, n22 with n ≡ 0, 2 (mod 5) and n 
= 92; or
(7) k = 32, n25 with n ≡ 0 (mod 5).
Proof. These GDDs are obtained by deleting a point on the unique special block of a (v, {5, (k + 1)∗}, 1) PBD. 
Lemma 17. Letw ≡ 0 (mod 4) and 4tw20t . If t /∈ {1, 9, 11, 13, 17} then an ISBCD(60t+w,w) exists. If, further,
an SBCD(w) exists, then there exists an SBCD(60t + w).
Proof. Since t 
= 1, a 5-GDD of type (12t)5(w − 4t)1 exists by Theorem 13. Also, for the given values of t, an
ISBCD(16t, 4t) exists by Corollary 11. With these ISBCDs ﬁll in ﬁve groups, using 4t extra points and aligning the
hole on these extra points, to get the ISBCD, which we may also complete under the additional condition. 
Construction 18 is essentially a modiﬁed group divisible design construction like the examples in [5, Section 2],
However, the only modiﬁed group divisible designs we use are those directly derived from TDs, hence we present this
as a TD construction.
Construction 18. (1) Suppose a TD(k + 1, n) exists. Let = 0 or 1, and form a block of size n+  on each group plus
 inﬁnite points. Now delete a ﬁnite point, and use its blocks to deﬁne new groups. This gives a {k + 1, n+ }-GDD of
type kn(n − 1 + )1.
(2) Give the inﬁnite point a weight of w (where w = 0 if  = 0), all the points in the k-groups a weight of w, and
the ith ﬁnite point in the last group a weight of ai . If we have ingredient 5-GDDs of types wka1i for each i and wnw1,
then an application of Wilson’s fundamental construction gives a 5-GDD of type (wk)n(A + w)1 for A =
∑
ai .
3. Some direct constructions
In this section we give a number of direct constructions of SBCDs. A direct construction of an SBCD(36) (which is
also an ISBCD(36, 4)) is given in [25, pp. 213–214]. There are SBCD(v)s for v = 120, 160, 200 in the literature, but
not presented as such.
A (v, k, 1) perfect difference family (a PDF) is a difference family over Zv for a (v, k, 1) BIBD with the property
that for any given base block (a1, a2, . . . , ak), whenever 1 i < jk the difference aj − ai is always positive and
(v−1)/2. For instance, the base block (0, 1, 4, 6) gives a (13, 4, 1) PDF. Existence of a (v, 5, 1) PDF requires v ≡ 1
mod 40 and v121; the only known cases at present are v = 121, 161 (in [16]) and v = 201 (in [4]). These three PDFs
and several other non-perfect (v, 5, 1) DFs also appear in [1].
Theorem 19. If v ≡ 1 (mod k(k − 1)) and a (v, k, 1) perfect difference family exists with k > 2, then a 2-(v − 1, k, 1)
covering design meeting the Schönheim bound exists.
Proof. Take the points in base blocks of the PDF as elements of Zv−1 and develop these blocks over Zv−1. The pairs
(i, i + (v − 1)/2) for 0 i < (v − 1)/2 will now all appear twice, and all others once. 
Corollary 20. An SBCD(v) exists for v ∈ {120, 160, 200}.
There are some cases where there is no SBCD.
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Theorem 21 (Mills [18,19], Santon et al. [31,32], Stanton andKalbﬂeisch [32]). NoSBCD(v) exists if v ∈ {12, 16, 20,
24}. (The covering number exceeds the Schönheim bound by 1, 2, 1 and 1 blocks.)
Example 22. An SBCD(8) is given by the following four blocks:
(1, 2, 3, 4, 5) (1, 2, 6, 7, 8) (3, 4, 6, 7, 8) (1, 5, 6, 7, 8)
Example 23. An SBCD(28) is given by the following 40 blocks:
(1, 2, 3, 6, 26) (1, 3, 12, 17, 25) (1, 4, 7, 13, 28) (1, 5, 8, 9, 24)
(1, 10, 16, 18, 27) (1, 11, 14, 15, 20) (1, 19, 21, 22, 23) (2, 3, 6, 16, 26)
(2, 4, 6, 24, 26) (2, 5, 15, 18, 21) (2, 7, 11, 12, 19) (2, 8, 25, 27, 28)
(2, 9, 17, 20, 23) (2, 10, 13, 14, 22) (3, 4, 18, 19, 20) (3, 5, 8, 11, 22)
(3, 7, 9, 14, 27) (3, 9, 10, 21, 28) (3, 13, 15, 23, 24) (4, 5, 12, 23, 27)
(4, 8, 10, 12, 15) (4, 9, 11, 16, 22) (4, 14, 17, 21, 25) (5, 6, 7, 10, 17)
(5, 13, 16, 20, 25) (5, 14, 19, 26, 28) (6, 8, 14, 18, 23) (6, 9, 15, 19, 25)
(6, 11, 13, 21, 27) (6, 12, 20, 22, 28) (7, 8, 20, 21, 26) (7, 15, 16, 23, 28)
(7, 18, 22, 24, 25) (8, 13, 16, 17, 19) (9, 12, 13, 18, 26) (10, 11, 23, 25, 26)
(10, 19, 20, 24, 27) (11, 17, 18, 24, 28) (12, 14, 16, 21, 24) (15, 17, 22, 26, 27)
Example 24. An ISBCD(56, 4) constructed on ({a, b, c, d} × Z13) ∪ {∞i : i = 0, 1, 2, 3} is given by the following
base blocks. The repeated pairs are (ai, bi) and (ci, di):
(a0, a2, a5, b3, c0) (a0, a1, b5, c4, d10) (a0, b0, d0, d6, d11)
(a0, a6, b2, c5, d5) (a0, a9, b6, c6, d3) (b0, c4, d8, d9, d12)
(b0, b2, b5, b6, c11) (c0, c2, c9, c10, d11) (a0, b7, c9, d8,∞1)
(a0, b12, c7, d1,∞2) (a0, b0, c1, d4,∞3) (a0, b8, c2, d2,∞4)
The design is developed over Z13. The missing SBCD is on the inﬁnite points.
Example 25. An SBCD(60) constructed on {a, b, c, d} × Z15 is given by the following base blocks which should be
developed (mod 15). The repeated pairs are (ai, bi) and (ci, di):
(a0, a1, a3, b4, c0) (a0, a10, b5, c2, d7) (a0, a4, d3, d4, d9)
(a0, b6, b14, c5, c8) (a0, b0, b11, b12, d8) (a0, c3, c9, c10, d1)
(a0, a6, b8, b13, d2) (a0, a7, c11, c13, d13) (a0, b0, b9, c1, d10)
(b0, c4, c8, d5, d7) (b0, c10, d3, d6, d14) (b0, b2, c0, c5, d0)
Example 26. An ISBCD(64, 4) constructed on ({a, b, c, d} × Z15) ∪ {∞i : i = 0, 1, 2, 3} is given by the following
base blocks. The ﬁrst three blocks are short, generating three blocks each; develop the others (mod 15). The missing
SBCD is on the inﬁnite points. The repeated pairs are (ai, bi) and (ci, di):
(b0, b3, b6, b9, b12) (c0, c3, c6, c9, c12) (d0, d3, d6, d9, d12)
(a0, a1, a7, b8, c0) (a0, a4, b9, b10, d11) (a0, c1, d0, d5, d13)
(a0, a2, a5, b2, d6) (a0, b3, c4, c11, d12) (a0, b13, c2, c12, c13)
(a0, c3, c5, d3, d14) (b0, b2, b10, c12, d7) (b0, b4, c9, d0, d14)
(a0, b14, c10, d2,∞1) (a0, b4, c7, d10,∞2) (a0, b0, c6, d8,∞3)
(a0, b11, c9, d9,∞4)
Example 27. An ISBCD(72, 8) on Z64 ∪ {∞i : 0 i7} is given by the following base blocks:
(0, 4, 6, 17, 20) (0, 8, 32, 37, 63) (0, 10, 25, 46,∞0) (3, 15, 37, 60,∞0)
The design is developed under the automorphism T (x) → x + 1 (mod 64) for the ﬁnite points and T (∞i ) → ∞i+1
where the subscripts are computed modulo 8. The missing SBCD is on the inﬁnite points. Adjoining an SBCD(8) on
the inﬁnite points gives an SBCD(72).
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Example 28. An ISBCD(76, 4) on Z72 ∪ {∞i : i = 0, 1, 2, 3} is given by the following base blocks:
(0, 1, 3, 23, 66) (0, 4, 14, 31, 46) (0, 8, 19, 44, 56) (0, 5, 18, 39,∞0)
The design is developed under the automorphism T (x) → x + 1 (mod 72) for the ﬁnite points and T (∞i ) → ∞i+1
where the subscripts are computed modulo 4. The missing SBCD is on the inﬁnite points.
Example 29. An SBCD(80) constructed by Mills [17] on Z80 is given by the following base blocks:
(0, 1, 3, 7, 35) (0, 5, 19, 36, 62) (0, 8, 20, 30, 41) (0, 9, 24, 51, 64)
Example 30. An ISBCD(84, 4) constructed on ({a, b, c, d} × Z20) ∪ {∞i : i = 0, 1, 2, 3} is given by the following
base blocks. The repeated pairs are generated by (a0, b13) and (c0, d0):
(b0, b4, b8, b12, b16) (c0, c4, c8, c12, c16) (d0, d4, d8, d12, d16)
(a0, a17, a19, b1, d5) (a0, a5, a9, c2, d7) (a0, a6, b9, c7, d0)
(a0, a8, b15, c18, d9) (a0, a7, c15, d3, d4) (a0, b8, b11, c19, d13)
(a0, b13, b14, c14, d10) (a0, c5, c6, c12, d12) (a0, b5, b18, c0, c11)
(a0, b6, b12, b17, c16) (b0, b2, d3, d9, d12) (b0, c12, c14, c17, d15)
(b0, c9, d6, d8, d13) (a0, b19, c4, d19,∞0) (a0, b16, c3, d15,∞1)
(a0, b13, c9, d11,∞2) (a0, a10, b0, b10,∞3) (c0, c10, d0, d10,∞3)
The design is developed over Z20. The ﬁrst three blocks are short with an orbit of 4, and the last two blocks are short
with an orbit of 10. The missing SBCD is on the inﬁnite points.
Example 31. An SBCD(88) on Z86 ∪ {∞0,∞1} is given by the following base blocks:
(0, 2, 5, 9, 32) (0, 6, 19, 52, 70) (0, 8, 20, 58, 69)
(0, 10, 24, 39, 65) (0, 1, 43, 44)
The design is developed over Z86. The last block is short. We augment the ﬁnal small block with ∞0 on the even shifts,
∞1 on the odd shifts, and adjoin the block (x, 0, 43,∞0,∞1) where x is an arbitrary (but distinct) point.
Example 32. Let M = {Ai : i = 0, 1, 2, . . . , 7} ∪ {Bi : i = 0, 1, 2, 3} ∪ {Ci : i = 0, 1, 2, 3}. An ISBCD(104, 16) on
Z88 ∪ M is given by the following base blocks:
(0, 12, 40, 44, 69) (0, 1, 6, 8, 24) (0, 17, 26, 78, A0)
(3, 23, 36, 77, A0) (0, 3, 38, 49, B0) (0, 21, 43, 58, C0)
The design is developed under the automorphism T (x) → x + 1 (mod 88) for the ﬁnite points and T (Di) → Di+1 for
D ∈ {A,B,C}, where the subscripts are computed modulo 4 for D = B and D = C, and are computed modulo 8 for
D = A. The missing SBCD is on the points in M.
Example 33. An ISBCD(116, 4) on Z112 ∪ {∞i : i = 0, 1, 2, 3} is given by the following base blocks:
(0, 1, 3, 7, 28) (0, 5, 19, 64, 81) (0, 8, 32, 73, 83)
(0, 11, 34, 49, 69) (0, 12, 30, 56, 72) (0, 9, 22, 55,∞0)
The design is developed under the automorphism T (x) → x + 1 (mod 112) for the ﬁnite points and T (∞i ) → ∞i+1
where the subscripts are computed modulo 4. The missing SBCD is on the inﬁnite points.
Example 34. There exists an SBCD(v) for v ∈ {68, 92, 108, 132}.
For t = (v−2)/2, these designs are on ({a, b}×Zt)∪{∞0,∞1}. Develop the given blocks (mod t). For v=92, 132,
the ﬁrst two blocks are short with an orbit of 9 or 13. In each case we augment the ﬁnal small block with ∞0 on the
even shifts, and ∞1 on the odd shifts. Finally, we adjoin the block (x, a0, b0,∞0,∞1) where x is an arbitrary (but
distinct) point.
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v = 68:
(a0, a2, a6, a15, b22) (a0, a7, b11, b17, b30) (a0, a10, b8, b12, b29)
(a0, a5, a8, a22, b14) (a0, a12, b3, b5, b27) (a0, b13, b18, b21, b28)
(a0, a1, b0, b1)
v = 92:
(a0, a9, a18, a27, a36) (b0, b9, b18, b27, b36) (a0, a2, a5, a12, b7)
(a0, a4, a15, a21, b29) (a0, b10, b17, b27, b33) (a0, a13, b19, b39, b43)
(a0, a16, b3, b34, b36) (a0, a19, b15, b23, b28) (a0, a20, b12, b31, b42)
(a0, a8, a31, b21, b24) (a0, a1, b0, b1)
v = 108:
(a0, a2, a6, a29, b17) (a0, a8, a18, b39, b46) (a0, a9, b12, b16, b35)
(a0, b8, b20, b25, b36) (a0, a22, a42, b18, b44) (a0, a7, a21, b5, b34)
(a0, a16, a50, b30, b40) (a0, a15, a40, b10, b19) (a0, a36, a48, b42, b45)
(b0, b2, b8, b22, b40) (a0, a1, b0, b1)
v = 132:
(a0, a13, a26, a39, a52) (b0, b13, b26, b39, b52) (a0, a14, a21, a45, b51)
(a0, a2, a11, b13, b34) (a0, a46, b19, b25, b53) (a0, b5, b48, b55, b60)
(a0, a8, a23, b39, b43) (a0, a10, a16, b28, b57) (a0, a5, a33, b8, b54)
(a0, a12, a29, b9, b27) (a0, a3, a30, b17, b59) (a0, a4, a22, b26, b46)
(a0, a25, b10, b58, b61) (b0, b2, b32, b40, b56) (a0, a1, b0, b1)
Example 35. For an ISBCD(228, 28), we take our point set as (Z5 × Z40) ∪ {Ai : i = 0, 1, 2, . . . , 7} ∪ {si : i =
0, 1, 2, 3; s ∈ S}, where S ={B,C, . . . , F }. We develop the base blocks below under the group of order 200 generated
by two automorphisms T1, T2. T1((i, j)) → (i + 1, j) for the ﬁnite points, and T1 leaves the inﬁnite points invariant;
T2((i, j)) → (i, j + 1) for the ﬁnite points, and T2(pi) → pi+1 for p ∈ S ∪ {A}, where the subscripts are computed
modulo 4 for p ∈ S and modulo 8 for p=A. Also take x = 0, 8, 16, 24 in the ﬁrst block below to give four base blocks
which are developed under T2 only.
((0, 0), (1, x), (2, 2x), (3, 3x), (4, 4x)) ((0, 0), (1, 11), (1, 20), (2, 2), (3, 6))
((0, 0), (0, 1), (1, 30), (3, 2), (3, 4)) ((0, 0), (0, 32), (1, 28), (4, 7), (4, 19))
((0, 0), (0, 20), (1, 32), (2, 11), (2, 27)) ((0, 0), (2, 20), (2, 24), (4, 2), (4, 25))
((0, 0), (0, 25), (1, 26), (4, 22), A0) ((0, 3), (2, 28), (3, 15), (3, 37), A0)
((0, 0), (0, 21), (0, 26), (3, 11), B0) ((0, 0), (0, 30), (3, 27), (4, 33), C0)
((0, 0), (0, 7), (0, 34), (3, 17),D0) ((0, 0), (1, 10), (1, 39), (2, 33), E0)
((0, 0), (0, 37), (1, 2), (4, 23), F0)
Example 36. There exists an ISBCD(v,w) for the following values of (v,w):
(1) (232, 32), (252, 28), and (284, 36).
(2) (204, 36), (340, 60), and (344, 56).
These constructions are similar to the one in Example 32. For the values in (1), let G = Zv−w and S be a set of
size w/4; these designs are over G ∪ {si : i = 0, 1, 2, 3; s ∈ S}. For those in (2), let G = Zv−w and S be a set of size
(w− 8)/4; these designs are over G∪{Ai : i = 0, 1, 2, . . . , 7}∪ {si : i = 0, 1, 2, 3; s ∈ S}. Below we give a number of
base blocks for these designs; these should be developed under the automorphism T (x) → x + 1 (mod v −w) for the
ﬁnite points, and T (pi) → pi+1 for p ∈ S ∪ {A}, where the subscripts are computed modulo 4 for p ∈ S and modulo
8 for p = A.
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For (v,w) = (232, 32), take G = Z200 and S = {B,C,D, . . . , I }. The ﬁrst block is short and generates 40 blocks.
Base blocks:
(0, 40, 80, 120, 160) (0, 4, 24, 36, 88) (0, 8, 56, 100, 17)
(0, 72, 67, 6, 49) (0, 16, 76, 47, 54) (0, 28, 96, 121, 2)
(0, 125, 62, 135, B0) (0, 165, 70, 15, C0) (0, 1, 142, 91,D0)
(0, 13, 46, 115, E0) (0, 21, 118, 99, F0) (0, 41, 14, 71,G0)
(0, 45, 34, 87, H0) (0, 77, 74, 163, I0)
For (v,w) = (252, 28), take G = Z224 and S = {B,C,D, . . . , H }. Base blocks:
(0, 4, 20, 28, 64) (0, 32, 72, 168, 1) (0, 12, 104, 102, 19)
(0, 68, 148, 13, 22) (0, 84, 110, 51, 163) (0, 48, 100, 147, 66)
(0, 108, 21, 58, 35) (0, 185, 78, 3, B0) (0, 5, 138, 155, C0)
(0, 25, 10, 131,D0) (0, 29, 130, 67, E0) (0, 41, 30, 95, F0)
(0, 45, 142, 115,G0) (0, 49, 162, 43, H0)
For (v,w) = (284, 36), take G = Z248 and S = {B,C,D, . . . , J }. Base blocks:
(0, 4, 28, 60, 108) (0, 64, 100, 161, 2) (0, 8, 76, 92, 75)
(0, 12, 52, 124, 105) (0, 88, 5, 95, 14) (0, 96, 116, 122, 225)
(0, 44, 233, 34, 154) (0, 77, 42, 31, B0) (0, 185, 38, 71, C0)
(0, 113, 22, 163,D0) (0, 13, 82, 43, E0) (0, 29, 146, 47, F0)
(0, 37, 58, 123,G0) (0, 41, 66, 111, H0) (0, 57, 54, 175, I0)
(0, 133, 78, 27, J0)
For (v,w) = (204, 36), take G = Z168 and S = {B,C,D, . . . , H }. Base blocks:
(0, 16, 96, 136, 148) (0, 8, 64, 92, 163) (0, 24, 68, 2, 9)
(0, 60, 6, 95, A0) (1, 5, 146, 83, A0) (0, 129, 10, 67, B0)
(0, 1, 122, 19, C0) (0, 21, 134, 51,D0) (0, 25, 42, 135, E0)
(0, 29, 74, 43, F0) (0, 37, 26, 107,G0) (0, 41, 38, 91, H0)
For (v,w) = (340, 60), take G = Z280 and S = {B,C,D, . . . , N}. Base blocks:
(0, 4, 48, 104, 172) (0, 12, 20, 72, 148) (0, 16, 40, 200, 26)
(0, 28, 92, 114, 17) (0, 32, 116, 7, 95) (0, 36, 77, 59, A0)
(2, 142, 17, 95, A0) (0, 113, 246, 159, B0) (0, 189, 54, 51, C0)
(0, 141, 98, 67,D0) (0, 201, 38, 83, E0) (0, 1, 30, 191, F0)
(0, 5, 42, 107,G0) (0, 9, 58, 143, H0) (0, 33, 186, 115, I0)
(0, 53, 158, 55, J0) (0, 57, 126, 207,K0) (0, 61, 210, 111, L0)
(0, 101, 62, 35,M0) (0, 157, 6, 267, N0)
For (v,w) = (344, 56), take G = Z288 and S = {B,C,D, . . . ,M}. Base blocks:
(0, 4, 68, 88, 184) (0, 8, 24, 56, 168) (0, 28, 100, 152, 26)
(0, 76, 142, 95, 33) (0, 36, 80, 114, 7) (0, 40, 132, 57, 117)
(0, 12, 93, 83, A0) (2, 150, 25, 71, A0) (0, 113, 246, 183, B0)
(0, 189, 22, 31, C0) (0, 141, 82, 55,D0) (0, 201, 90, 91, E0)
(0, 5, 94, 139, F0) (0, 21, 58, 187,G0) (0, 25, 190, 39, H0)
(0, 41, 102, 35, I0) (0, 49, 234, 11, J0) (0, 53, 50, 203,K0)
(0, 97, 258, 115, L0) (0, 157, 106, 275,M0)
4. The case 0mod 20
We will group our designs by method of construction and residue class. Properly speaking, for logical consistency,
the designs should be constructed in order of size, but this makes the presentation unwieldy, and veriﬁcation much
more awkward for the reader.
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Now we exploit the fact we have SBCD(v)s for v = 60, 80, 120, 160, 200 and 340 from Examples 25 and 29,
Corollary 20 and Example 36.
Lemma 37. SBCD(v)s exist for v ∈ {240, 400, 460, 520, 580}.
Proof. For v = 240, we can apply Lemma 5 to the ISBCD(240, 60) given by Corollary 11. For v = 580, take a
TD(11, 13), give the points of 10 groups a weight of 4, and the points of the last group weights of 0, 4 and 12 so that
their total weight is 56. 5-GDDs of types 410, 411, and 410121 all exist; the latter comes from ﬁlling in the parallel
classes of a 4-RGDD of type 410. Hence we can apply WFC to obtain a 5-GDD of type 5210561. Finally, form an
ISBCD(56, 4) or SBCD(60) on each group plus four extra points. For v = 400, 460, 520, we have 5-GDDs of types
805, 805601 and 885641 given by Theorem 13; apply Lemma 12 with w = 0, 0 and 16, using SBCD(60), SBCD(80)
and ISBCD(104, 16) from Examples 25, 29 and 32 to ﬁll in the groups. 
Lemma 38. If v ≡ 0 or 20 (mod 60) and v300, then an SBCD(v) exists.
Proof. Let v = 60n or 60n + 20 where n5; a 5-GDD of type 60n exists by Theorem 15(1). For v ≡ 0 (mod 60),
we can apply Lemma 12 with w = 0, ﬁlling in the groups of this GDD using the SBCD(60) from Example 25. For
v ≡ 20 (mod 60), we apply Lemma 12 with w = 20, forming an ISBCD(80, 20) (given by Corollary 11) on each of
n − 1 groups of this GDD plus 20 extra points, and an SBCD(80) on the last group plus the extra points. 
Lemma 39. If v ≡ 40 (mod 120) and v640, then a SBCD(v) exists.
Proof. Let v = 120n + 40 where n5; a 5-GDD of type 120n exists by Theorem 15(1). Now apply Lemma 12 with
w = 40, forming an ISBCD(160, 40) (given by Corollary 11) on each of n − 1 groups plus 40 extra points, and an
SBCD(160) (from Corollary 20) on the last group plus the extra points. 
Lemma 40. SBCD(v)s exist for v ∈ {700, 820, 940, 1180}.
Proof. We will construct 5-GDDs of type 60n1401 for n= 9, 11, 13, 17; we then apply Lemma 12 with w = 20 to ﬁll
in the groups.
Applying Construction 18(1) with k = 5, n = 9, 11, 13, 17 and  = 1 gives (5, n + )-GDDs of types 5991, 511111,
513131 and 517171. Now take w = 12 and w = 32, 0, 48, 64, respectively, for these four cases. We have 5-GDDs of
types 125, 126 (from Theorem 15) and 125161 by completing a 4-RGDD of type 125 from Theorem 14. In all cases, we
also have 5-GDDs of type wnw1 (i.e. types 129321, 1211, 1213481 and 1217641), again from Theorem 15 or by adding
points to the parallel classes in 4-RGDDs of types 129, 1213, 1217 from Theorem 14. Hence in each case we can apply
Construction 18(2) with ai ∈ {0, 12, 16} to obtain the required 5-GDDs of type 60n1401. Filling in the groups with 20
extra points, using ISBCD(80, 20) or SBCD(160) now gives the required SBCDs. 
Lemma 41. If v ≡ 40 (mod 60) and 640v2560, then a SBCD(v) exists.
Proof. Let v = 60t + 160 with 8 t40. If t /∈ {9, 11, 13, 17}, the required SBCD(v) can be obtained by applying
Lemma 17 with w = 160. The exceptional cases for t ∈ {9, 11, 13, 17} were dealt with in Lemma 40. 
At this stage, for v300, we only lack the cases v ≡ 100 (mod 120) for v2620. We will actually construct all
v ≡ 20 (mod 40) with v2020.
Lemma 42. Let r, mr and vr be given by
r 20 60 100 140 180
mr 420 60 300 340 380
vr 2020 1660 1900 1940 1980
If v ≡ r (mod 200) and vvr , then an SBCD(v) exists.
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Proof. If vvr , we can write v = 5g + mr with g320 and g ≡ 0 (mod 40). An SBCD(g) exists by Lemma 38 or
39. A 5-GDD of type g5m1r is given by Theorem 13, and we can apply Lemma 12, ﬁlling in the groups of this GDD
using SBCD(g)s and an SBCD(mr). 
Combining our direct constructions (noted in the ﬁrst paragraph of this section) with Lemmas 37–42, we have
established Theorem 43 which summarizes our constructions for the case v ≡ 0 (mod 20). (The covering number for
v = 20 was given by Stanton et al. in [33].)
Theorem 43. If v ≡ 0 (mod 20), then an SBCD(v) exists, except for v=20, and possibly for v=40, 100, 140, 180, 220,
260, 280.
5. The case 4mod 20
In this section we consider the case v ≡ 4 (mod 20). Examples 26, 30 and 36 (for v = 64, 84, 204, 284 and 344) are
our direct constructions in this case (plus the anomalous v = 4 case of Lemma 5).
Lemma 44. An SBCD(v) exists for v ∈ {224, 464}.
Proof. Take the ISBCD(224, 56) and the ISBCD(464, 116) given by Corollary 11 and apply Lemma 5 for our designs.
The required SBCD(56) and SBCD(116) come from Examples 24 and 33. 
Lemma 45. There exists an SBCD(v) for v ∈ {164, 284, 324, 524, 644}.
Proof. There exist 5-GDDs for the following types of the form mn by Theorem 15(2): 325, 565, 3210, 5210, 3220.
We have ISBCD(m + 4, 4)s and SBCD(m + 4)s for these values of m by [25] and Example 24. The required SBCDs
therefore exist by Lemma 12 with w = 4. 
Lemma 46. An SBCD(v) exists for v ∈ {244, 584}.
Proof. For 244, truncate one group of a TD(6, 12) to give a group type of 12511.We have 5-IGDDs of types (4, 1)5 and
(4, 1)5(4, 0)1 by omitting a block from 5-GDDs of types 45 and 46. Use these IGDDs as ingredients inWFC to obtain a
5-IGDD of type (48, 12)5(4, 0)1. A ♦-ISBCD(244, 60, 4, 0) is obtained by ﬁlling in ﬁve groups with ISBCD(48, 12)s
from Corollary 11. Filling in the size 60 hole in the ♦-ISBCD with an SBCD(60) gives an ISBCD(244, 4) and hence
we have an SBCD(244) by Lemma 5 with w = 4.
For 584, take a TD(11, 13), give the points of 10 groups a weight of 4, and the points of the last group weights of 0,
4 and 12 so that their total weight is 56. Applying WFC gives a 5-GDD of type 5210601. Finally, apply Lemma 12 with
w= 4, forming an ISBCD(56, 4) or SBCD(64) (from Examples 24 and 26) on each groups plus four extra points. 
Lemma 47. SBCD(v)s exist for v ∈ {404, 624, 704, 744, 824, 864, 944, 1184}.
Proof. For v=404 and 864, start with 5-GDDs of types 645761 and 1605641 from Theorem 13; now apply Lemma 12
with w = 8 or 0. Here we require the ISBCD(72, 8) from Example 27, and SBCD(84), SBCD(160), SBCD(64) given
by Example 30, Corollary 20 and Example 26.
For v = 624, 704, 744, 824, 944, and 1184 we apply Construction 18 with ai ∈ {0, 12, 16} and n = 9, 11, 13 or 17
as we did in Lemma 40. For 624 and 704, we take n= 9, w = 32; for 744 and 824, take n= 11, w = 0; for 944, take
n= 13, w = 48, and for 1184, take n= 17, w = 64. This way, we obtain 5-GDDs of types 609641, 6091441, 6011641,
60111441, 60131441, and 60171441. Now apply Lemma 12, ﬁlling in the groups of these GDDs with 20 extra points,
using ISBCD(80, 20)s (from Corollary 11) and an SBCD(84) or SBCD(164). 
Lemma 48. If v ≡ 4 (mod 60) it and v304, then an SBCD(v) exists.
Proof. Let v = 60g + 4 where g5. Take a 5-GDD of type 60g (from Theorem 15) and now apply Lemma 12 with
w= 4. Here we form an ISBCD(64, 4) on each of g − 1 groups plus the four extra points and an SBCD(64) on the last
group plus the extra points. 
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Table 2
Constructions using Lemma 17
v (mod 60) w Range for t Range constructed for v Possible exceptions
24 84 5–21 384–1344 624, 744, 864, (1104)
24 204 11–51 864–3264 864, (984), (1224)
44 164 9–41 704–2624 704, 824, 944, 1184
Parenthesized exceptions solved by overlapping ranges.
So far in this section we have provided a number of SBCD(v) with v ≡ 4 (mod 20) and v < 1744. All the remaining
cases in this range (except v = 4, 24, 44, 104, 124, 144, 184) can be obtained by Lemma 17 as indicated in Table 2.
The range for t is determined by the fact that we require 4tw20t .
Now we consider v1744:
Lemma 49. Let r, mr and vr be given by
r 4 24 44 64 84
mr 4 224 244 64 84
vr 1504 1724 1744 1564 1584
If v ≡ r (mod 100) and vvr , then an SBCD(v) exists.
Proof. Let v ≡ r (mod 100), and g = (v − mr)/5. Then g ≡ 0 (mod 20), and we have a 5-GDD of type g5m1r
by Theorem 13. If vvr , then it follows that g300 and g3mr/4. Since g ≡ 0 (mod 20), we can ﬁll in ﬁve
groups of this GDD (using Lemma 12) with an SBCD(g) (which is also an ISBCD(g, 0)) and the last group with an
SBCD(mr). 
Combining our direct constructions (noted in the ﬁrst paragraph of this section) with Lemmas 44–49 and with the
applications of Lemma 17 detailed in Table 2, we have established Theorem 50 which summarizes our constructions
for the case v ≡ 4 (mod 20). (Clearly, we cannot have a cover with 4 = v < k, and the covering number for v = 24 was
given by Stanton et al. in [31].)
Theorem 50. Ifv ≡ 4 (mod 20), thenanSBCD(v) exists, except forv=4, 24,andpossibly forv=44, 104, 124, 144, 184.
6. The case 8 mod 20
In this sectionwe consider the case v ≡ 8 (mod 20).We have direct constructions of SBCD(v)s for v ∈ {8, 28, 68, 88,
108, 228} given in Examples 22, 23, 31, 34 and 35.
Lemma 51. An SBCD(v) exists for v ∈ {128, 248}.
Proof. 5-GDDs of types 245 and 2410 exist by Theorem 15(2). We have an ISBCD(32, 8) by Corollary 11, and hence
also an SBCD(32). The required SBCDs therefore exist by Lemma 12 with w = 8. 
Lemma 52. SBCD(v)s exist for v ∈ {168, 188, 288, 348, 408, 648}.
Proof. For these designs, take a 5-GDDof type g5m1 given byTheorem13 andﬁll in the groups usingLemma12withw
extra points to get an SBCD(5g+m+w).Writing v as g5m1+w, we have designs for 168=32541+4, 188=325241+4,
288 = 525241 + 4, 348 = 645201 + 8, 408 = 80581 and 648 = 1125841 + 4. The required ISBCD(g +w,w)s were all
given in Section 3. 
So far in this section we have provided a number of SBCD(v) with v ≡ 8 (mod 20) and v < 1648. All the remaining
cases in this range (except v = 48) can be obtained by Lemma 17 as indicated in Table 3. The range for t is determined
by the fact that we require 4tw20t .
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Table 3
Constructions using Lemma 17
v (mod 60) w Range for t Range constructed for v Possible exceptions
8 68 4–17 308–1088 (608), (728), (848), (1088)
8 128 7–32 548–2048 (668), (788), (908), (1148)
8 188 10–47 788–2048 (848), (968), (1208)
28 28 2–7 148–448 None
28 88 6–22 388–1408 (628), (748), (868), (1108)
28 148 8–27 628–2368 (688), (808), (928), (1168)
48 108 6–27 468–1728 648, (768), (888), (1128)
48 168 9–42 708–2688 (708), (828), (948), (1188)
Parenthesized exceptions solved by overlapping ranges.
Finally, we deal with v1548:
Lemma 53. Let r, mr and vr be given by
r 8 28 48 68 88
mr 8 28 148 68 88
vr 1508 1528 1648 1568 1588
If v ≡ r (mod 100) and vvr , then an SBCD(v) exists.
Proof. Let v ≡ r (mod 100), and g = (v − mr)/5. Take a 5-GDD of type g5m1r given by Theorem 13. If vvr , then
it follows that g300, g3mr/4 and g ≡ 0 (mod 20). This GDD exists, and we can ﬁll in the groups of this GDD
using SBCD(g)s and an SBCD(mr) in Lemma 12. 
Combining our direct constructions (noted in the ﬁrst paragraph of this section) with Lemmas 51–53 and with the
applications of Lemma 17 detailed in Table 3, we have established Theorem 54 which summarizes our constructions
for the case v ≡ 8 (mod 20).
Theorem 54. If v ≡ 8 (mod 20), then an SBCD(v) exists, except possibly for v = 48.
7. The case 12 mod20
In this sectionwe consider the case v ≡ 12 (mod 20).We have direct constructions of SBCD(v)s for v ∈ {72, 92, 132,
232, 252} given in Examples 27, 34 and 36.
Lemma 55. An SBCD(v) exists for v ∈ {32, 112, 172, 292, 352}.
Proof. For v = 32, 112 and 352, take the ISBCD(32, 8), ISBCD(112, 28) and ISBCD(352, 88) given by Corollary 11
and apply Lemma 5 for our designs.
For v = 172, omit a block of a TD(6, 7) to get a 6-IGDD of type (7, 1)6, then give all points a weight of 4 in WFC
to get a 5-IGDD of type (28, 4)6. Now use four extra holey points in Lemma 9 to ﬁll in ﬁve groups of the IGDD with a
♦-ISBCD(32, 8, 4, 4) (which is really just an ISBCD(32, 8) from Corollary 11) to get a ♦-ISBCD(172, 28, 32, 8), then
use Lemma 8 to ﬁll in the holes of sizes 32 and 8 in this♦-ISBCDwith another ISBCD(32, 8) to get an ISBCD(172, 28),
and the SBCD then follows by Lemma 5.
For v = 292, a 5-GDD of type 4781 exists by Theorem 16(1). Give all points a weight of 8 in WFC using a TD(5, 8)
as the ingredient to get a 5-GDD of type 327641. Now apply Lemma 12 with w=4. The needed ISBCD(36, 4) is given
by [25] and an SBCD(68) is constructed in Example 34. 
Lemma 56. SBCD(v)s exist for v ∈ {192, 412, 652}.
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Table 4
Constructions using Lemma 17
v (mod 60) w Range for t Range constructed for v Possible exceptions
12 72 4–18 312–1152 (612), (732), (852), (1092)
12 132 7–33 552–2112 (672), (792), (912), (1152)
32 32 2–8 152–512 None
32 92 5–23 392–1472 (632), (752), (872), (1112)
32 152 8–38 632–2432 (692), (812), (932), (1172)
52 112 6–28 472–1792 652, (772), (892), (1132)
52 172 9–43 712–2732 (712), (832), (952), (1192)
Parenthesized exceptions solved by overlapping ranges.
Proof. Take a 5-GDD of type g5m1 given by Theorem 13 and apply Lemma 12, forming an ISBCD(g + w,w) or
SBCD(m+w) on each group plus w extra points to obtain an SBCD(5g +m+w). Writing v as g5m1 +w, we have
designs for 192 = 325281 + 4, 412 = 645841 + 8, 652 = 1125881 + 4. The required ISBCD(36, 4) appears in [25],
while ISBCD(72, 8) and ISBCD(116, 4) are both given in Section 3. 
So far in this section we have provided a number of SBCD(v)with v ≡ 12 (mod 20) and v < 1652.All the remaining
cases in this range (except v=12, 52) can be obtained by Lemma 17 as indicated in Table 4. The range for t is determined
by the fact that we require 4tw20t .
Finally, we deal with v1652:
Lemma 57. Let r, mr and vr be given by
r 12 32 52 72 92
mr 112 32 152 72 92
vr 1612 1532 1652 1572 1592
If v ≡ r (mod 100) and vvr , then an SBCD(v) exists.
Proof. Let v ≡ r (mod 100), and g = (v −mr)/5. Take a 5-GDD of type g5m1r . If vvr , then it follows that g300,
g3mr/4 and g ≡ 0 (mod 20). Since g3mr/4, the required 5-GDD of type g5m1r exists; also since g ≡ 0 (mod 20),
SBCD(g) is also an ISBCD(g, 0) and we can apply Lemma 12 with w = 0, ﬁlling in the groups of this GDD using
SBCD(g)s and an SBCD(mr). 
Combining our direct constructions (noted in the ﬁrst paragraph of this section) with Lemmas 55–57
and with the applications of Lemma 17 detailed in Table 4, we have established Theorem 58 which summarizes our
constructions for the case v ≡ 12 (mod 20). (The covering number for v = 12 was given by Mills [18] and Stanton and
Kalbﬂeisch [32].)
Theorem 58. If v ≡ 12 (mod 20), then an SBCD(v) exists, except for v = 12, and possibly for v = 52.
8. The case 16 mod20
In this section we consider the case v ≡ 16 (mod 20). We have direct constructions of SBCD(v)s for v ∈ {36, 56,
76, 116} given in [25, pp. 213–214], Examples 24, 28 and 33.
Lemma 59. SBCD(v)s exist for v ∈ {196, 256, 576, 856, 1136}.
Proof. Application of Lemma 5 to an ISBCD(256, 64) given by Corollary 11 yields an SBCD(256). For 576, a 5-GDD
of type 5211 exists by Theorem 15; now apply Lemma 12 with w = 4, using ISBCD(56, 4)s and an SBCD(56) from
Example 24.
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Table 5
Constructions using Lemma 17
v (mod 60) w Range for t Range constructed for v Possible exceptions
16 76 4–19 316–1216 616, 736, 856, (1096)
16 196 10–49 796–3136 856, (976), (1216)
36 36 2–9 156–576 576
36 156 8–39 636–2496 696, 816, (936), (1176)
36 216 11–54 876–3456 (876), (996), (1236)
56 56 3–14 236–896 (596), (716), (836)
56 116 6–29 476–1856 (656), (776), (896), 1136
Parenthesized exceptions solved by overlapping ranges.
An application of Lemma 12 with w = 4 to the 5-GDDs of types 325321, 1605521 and 2125721 (which exist
by Theorem 13) gives the other SBCDs. An ISBCD(36, 4) is given in [25, pp. 213–214], an ISBCD(164, 4) is
in Lemma 45 (via 164 = 325 + 4), and an ISBCD(216, 36) is constructed in Table 5 (via 216 = 365241 + 12);
here the required ISBCD(48, 12) exists by Theorem 10. Adjoining an ISBCD(36, 4) to this design gives an ISBCD
(216, 4). 
Lemma 60. SBCD(v)s exist for v ∈ {616, 696, 736, 816}.
Proof. Our needed ingredient GDDs come from Theorems 13–15.
In all cases we apply Construction 18 with k = 5, w = 12 and ai = 0, 12 or 16 (as we did in Lemma 40) to obtain a
5-GDD of type 60n(4u)1 for some u. We then apply Lemma 12 with w = 20 to these designs using n ISBCD(80, 20)s
which exist by Theorem 10. For v=616, a 5-GDD(129321) is obtainable by completing a 4-RGDD(129) (which exists
by Theorem 14). Hence we can take n= 9 and w = 32 to obtain a 5-GDD of type 609561. For v = 696, 736 and 816,
taking n = 11 and w = 0 gives 5-GDDs of types 6011161, 6011561 and 60111361. For SBCD(36), SBCD(76) and
SBCD(156), see [25, pp. 213–214], Example 28 and Table 5. 
So far in this section we have provided a number of SBCD(v)with v ≡ 16 (mod 20) and v < 1696.All the remaining
cases in this range (except v = 16, 96, 136, 176) can be obtained by Lemma 17 as indicated in Table 5. The range for t
is determined by the fact that we require 4tw20t .
Finally, we deal with v1696:
Lemma 61. Let r, mr and vr be given by
r 16 36 56 76 96
mr 116 36 56 76 196
vr 1616 1536 1556 1576 1696
If v ≡ r (mod 100) and vvr , then an SBCD(v) exists.
Proof. Let v ≡ r (mod 100), and g = (v −mr)/5. Take a 5-GDD of type g5m1r . If vvr , then it follows that g300,
g3mr/4 and g ≡ 0 (mod 20). Since g3mr/4, the required 5-GDD of type g5m1r exists; also since g ≡ 0 (mod 20),
SBCD(g) is also an ISBCD(g, 0) and we can apply Lemma 12 with w = 0, ﬁlling in the groups of this GDD using
SBCD(g)s and an SBCD(mr). 
Combining our direct constructions (noted in the ﬁrst paragraph of this section) with Lemmas 59–61 and with the
applications of Lemma 17 detailed in Table 5, we have established Theorem 62 which summarizes our constructions
for the case v ≡ 16 (mod 20). (The covering number for v = 16 was given by Mills in [19].)
Theorem 62. If v ≡ 16 (mod 20), then an SBCD(v) exists, except for v = 16, and possibly for v = 96, 136, 176.
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9. Summary
Combining the results of the last ﬁve sections, we have now proved the existence results for SBCD(v) with v ≡
0 (mod 4) given in Table 1 in Section 1. For convenience, we restate these results in the following theorem:
Theorem 63. If v ≡ 0 (mod 4), then an SBCD(v) exists, except for v = 4, 12, 16, 20, 24, and possibly for v = 40, 44,
48, 52, 96, 100, 104, 124, 136, 140, 144, 176, 180, 184, 220, 260, 280.
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